The CO 2 15-/•m band provides an important source of thermal opacity in the atmospheres of Venus, Earth, and Mars. Efficient and accurate methods for finding the transmission in this band are therefore needed before complete, self-consistent physical models of these atmospheres can be developed. In this paper we describe a hierarchy of such methods. The most versatile and accurate of these is an " 
INTRODUCTION
Absorption and emission within the CO2 15-#m band provide an important source of thermal radiative cooling in the atmospheres of Venus, Earth, and Mars. Complete, selfconsistent numerical models of the thermal structures and dynamical states of these atmospheres therefore require reliable descriptions of the transmission within this band. The most versatile and accurate methods for finding this transmission are the line-by-line models, such as those described by Drayson [1967] and Fels and Schwarzkopf [1981] . These methods are called "exact," since they can employ all available information about absorption lines shapes, strengths, and positions, and their accuracy is limited primarily by uncertainties in these line parameters. Unfortunately, the complexity and computational expense of these methods makes them impractical for use in many climate-modeling problems where thermal infrared optical properties are not well established or where the band transmittance must be computed often. Two such problems are encountered in studies of the Martian atmosphere. In the Martian atmosphere the total atmospheric mass changes significantly during the annual cycle and the atmospheric opacity and temperature structure can change dramatically at some altitudes during global dust storms. In true distribution for each interval N S-• exp (-S/k) [Malkmus, 1967] [ Malkmus, 1967] true distribution hybrid Broadband Models
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DESCRIPTION OF MODELS
The methods developed here can be classified as "narrowband" or "broadband" techniques. For example, the line-byline model can be considered the ultimate narrow-band method, since the spectral region occupied by the CO2 15-ttm band must be divided into intervals small enough that even the narrow Doppler cores of individual lines are completely resolved. The broadband transmittance is obtained from these models by first finding the transmission in each narrow interval and then integrating these results numerically over the desired spectral region.
The first class of approximate methods considered are the "random" models, such as those described by Goody [1952 Goody [ , 1964 , Malkmus [1967] , and Fels [1979] . These are also narrow-band models, since they must be applied to relatively [Kiehl and Ramanathan, 1983] . In sections 2.2, 2.3, and 2.6, four narrow-band random models are described. The first is a "general" random model [Goody, 1964] . This model employs an accurate description of the line-strength distribution within the 15-3tm band and a simplified Voigt line shape [Fels, 1979] . The second model is the one described by Malkmus [1967] and Rodgers [1968] , which assumes an S-• tailed line-intensity distribution and a Lorentz line shape. The third random model also employs the Malkmus line-strength distribution, but it uses the Fels [1979] simplified Voigt line shape, rather than the Lorentz profile.
The last narrow-band method is described in section 2.6. This is a hybrid method that incorporates a Malkmus random model for Lorentz lines and a simplified general random model for Doppler lines. The empirical interpolation formula given by Rodgers and Williams [1974] is used to combine the results of these two models. The accuracy of these methods is demonstrated in section 3.3.
Three broadband models are described in sections 2 and 3.
The first is related to the "exponential wide-band" models developed by Edwards and Menard [1964a, b] , Edwards and Balakrishnan [1973] , Kuo [1977] , and Wang [1983] . These models avoid the numerical integration over frequency required by the above random models by assuming that the mean line strength decreases exponentially with increasing dis-tance from the band center. Wang [1983] shows that when this parameterization is combined with assumptions of random line spacing and the Malkmus line-strength distribution, the transmission function for an entire band, or broad sections of it, assumes a simple functional form. In section 2.4 we describe a new exponential wideband model of the CO2 15-•m band. A simple method for incorporating Voigt lineshape effects into such broadband models is described in section 2.6. In section 3.4 we show that in spite of this model's efficiency, its accuracy and range of validity are comparable to that of the more expensive narrow-band random models. The two other broadband models described here are empirical absorptance correlation functions [Kiehl and Ramanathan [1983] and Pollack et al. [1981] . These methods are designed to model the curve of growth instead of the structure of the CO2 15-#m band. The performance of these methods is illustrated in section 3.5. The important features of the various narrow-band and broadband models are summarized in Table   1 .
The Line-by-Line Model
Because a complete description of the present line-by-line model has been published elsewhere [Drayson, 1967; Fels and Schwarzkopf, 1981] , only a brief review of its features will be outlined here. A few important differences in its use will also be noted. The transmission in a wave number interval Av between pressure levels oe and p' in a plane-parallel hydrostatic atmosphere is given by r(p, p')=•vv dv exp -•-• r dp" ki(v, p", T)
where T is temperature, v is wave number, g is the cosine of the zenith angle, g is the gravitational acceleration, r is the CO2 mass mixing ratio, ki is the monochromatic absorption coefficient due to the ith line, and N is the total number of lines contributing to absorption at this wave number. In a line-by-line model the integrals over wave number and pressure are evaluated numerically. The details of these integration schemes are described by Drayson and Fels and Schwarzkopfi The principal advantage of this method is that all of the available information about the line strengths, shapes, and positions, as well as variations in the first two of these quan--tities which occur along atmospheric optical paths, can be incorporated into the transmittance calculation. These methods can therefore produce accurate results in the spectral region occupied by the CO2 15-t•m band, since the line parameters there are relatively well known.
We used the line-by-line model to find the transmittance in nine 50 cm-• wide spectral intervals in the region extending from 450 to 900 cm-•. This spectral domain contains almost the entire 15-gm band as well as a small piece of the 10. changed from 3 to 6 cm-•. This suggests that our results are not sensitive to this approximation. As we noted above, the principal shortcoming of the lineby-line model is its computational expense. Most of this expense results because the CO2 15-gm band must be divided into wave number intervals small enough so that even the narrow cores of individual spectral lines can be adequately resolved, and the transmission must be evaluated in each of these intervals. Within the 15-t•m band there are thousands of these intervals, some of which are less than 10 -'• cm-• wide.
One can therefore achieve a tremendous improvement in efficiency if some aspect of the band structure can be parameterized in a way that allows the number of spectral interval divisions to be reduced significantly. Models that exploit such parameterizations are described in the following sections.
The General Random Model for Simplified Voigt Lines
If absorption lines are positioned randomly within a spectral interval of width Av, where Av is much wider than the line half-width, the transmission function (1) can be simplified [Goody, 1964] 1 fpP'r dp" 
Line-Strength Distribution
The economy of the random model can be improved further if the actual line-strength distribution is approximated with a simple analytic function. This allows the summation over line group in (11) to be replaced by an integral over line strength, so that the equivalent width of all lines in the interval can be found in a single step. The most commonly used analytic linestrength distributions are those introduced by Goody [1952 Goody [ , 1964 and Malkmus [1967] . Figure 2 shows that the Malkmus distribution provides a better fit to the actual 15-#m band line census, and Kiehl and Ramanathan [1983] confirm that random models based on this distribution produce more accurate transmittances than those based on the Goody model. We will therefore consider only models based on the Malkmus distribution. In such models the total equivalent width in a spectral interval is given by w = P(S)w(S, p, T) dS
where the probability function The functional form of (17) 
The Exponential Wideband Model
Another significant improvement in the efficiency of random models can be achieved if they can be applied to very broad spectral intervals. This can be done only if the wave number dependence of the band parameters k/r5 and rryL/r5 can be accounted for in a simple way. One solution to this problem is proposed by Edwards and Menard [1964a, b] . Edwards and Menard show that the line strength decreases almost exponentially with distance away from the center of many infrared absorption bands, while the quantity czn/r5 remains almost con- This simple model can be applied to atmospheric optical paths, where pressure, temperature, and gas mixing ratios may vary, by replacing the absorber amount m with its pathlength-integrated value rh (equation (4) The constants e and r/ are listed in Table 2 Table 2 , and the band structure obtained with these values is compared to the actual wave number dependent structure of the CO2 15-ttm band in Figure   3 .
Empirical Logarithmic Wideband Models
The simplest class of broadband models considered here are the empirical absorption correlation functions. Unlike the band models described above, which •pproximate the struc- where T•, T2, and T3 account for the effects of partially overlapped bands. These quantities are derived in an appendix to Kiehl and Ramanathan [1983] . This equation was repeated here only because the braces shown above were neglected in that paper (J. Kiehl, personal communication, 1984 Here we modified (25) to give the Voigt absorption in a broad spectral region containing many lines, so that it could be used with band models like those described above. In our method, separate band models were first used to find the Lorentz, Doppler, and weak-line absorption in a given spectral interval. The Voigt absorption was then obtained from the The U.S. Standard Atmosphere (1976) temperature profile was used for all tests presented here. This profile was chosen because its structure and range of values (180-295 K) provided a rigorous test of parameterizations for temperature dependence used in the approximate methods. Experiments employing isothermal model atmospheres at 200, 250, and 300 K were also used to help interpret these temperature effects.
RESULTS AND DISCUSSION
To determine the accuracy and range of validity of the approximate methods described in sections 2.2-2.6, we pro- Because many of the approximate methods described above have been used to find atmospheric cooling rates, we also tested their accuracy for this application. In general, radiative cooling rate errors will depend on the atmospheric temperature structure as well as the accuracy of the band model used. This dependence on temperature will not be significant, however, if the atmosphere is optically thin (A-• 0) or if the temperature varies slowly with pressure. In these cases, cooling to space will dominate, and cooling rate errors will be proportional to the quantity Q --dA(p, O)/dp. We used each of the models described above to compute this quantity. These results were then compared to those obtained from the line-byline model and differences were expressed as percentage errors in Figures 7, 9, 11, 13, 15, 17, and 19 . Here errors in dA/dp for a terrestrial CO2 mixing ratio are plotted as a dashed line. A dotted line is used to show dA/dp errors for a pure CO2 model atmosphere.
The Line-by-Line Model
In Figure 5 
The General Random Model for Simplified V oigt Lines
The accuracy of the general random model is demonstrated in Figures 6 and 7. Figure 6 shows that the band-integrated absorption obtained from this model rarely differs from the corresponding line-by-line results by more than 5% for paths with mean pressures greater than 10-3 atm, where the effects of line overlap are most pronounced. Errors in the quantity dA/dp (Figure 7 ) also remain small (< 10%) for these paths. These results are significant, since they demonstrate the accuracy of the parameterization for line overlap employed by random models. Recall that these models account for overlap effects by assuming that absorption lines are distributed ran- For optical paths with mean pressures less than 10-3 atm the general random model absorptance errors are as large as 10%, and errors in dA/dp sometimes exceed 30%. These errors are caused primarily by deficiencies in the simple parameterization for the Voigt line shape (equation (6) A second method for including Doppler and Voigt effects in random models is outlined at the beginning of section 2.6 (equations (14), (26) angles, and the integration was performed by Gaussian quadrature. The expense of these methods can therefore be reduced by up to a factor of 4 if the effect of this integration is parameterized by the Elsasset [1942] diffusivity approximation, which allows the transmittance to be evaluated in a single step. In this method the effect of the integration over zenith angle is approximated by multiplying the path-lengthintegrated absorber amount rh by the diffusivity factor d. E1-sasser shows that d = 1.66 is the best value for a regular model in the strong-line limit, and this value has been adopted by most investigators. Rodgers and Walshaw [1966] and Armstrong [1968, 1969] show that this approximation rarely produces absorption errors larger than 2% for optical paths in the terrestrial atmosphere. The effect of this approximation in a pure CO2 atmosphere is not as well established, but an error analysis performed by Armstrong [1969] suggests that it may produce much larger errors (9%) for this case. We therefore tested the validity of this approximation for use in finding 15-#m transmittances for pure CO2 atmospheres. The narrowband Malkmus random model for the Fels [1979] approximate Voigt line shape was employed in these tests and a U.S. Standard Atmosphere Temperature profile was used. In the "standard" model the integration over zenith angle was performed numerically by four-point Gaussian quadrature. The "test" model used the diffusivity factor approximation instead. These models were used to find the absorption in ninety 5 cm-1 wide spectral intervals between 450 and 900 cm-1. Results for each case were then summed to give the total broadband absorption along optical paths in a pure CO2 model atmosphere.
We found that errors resulting from the diffusivity factor approximation for pure CO2 atmospheres are only of the order of 2% and are therefore comparable to those reported by Rodgers and Walshaw [1966] 
SUMMARY AND CONCLUSIONS
We tested a hierarchy of approximate methods for finding transmittances in the CO2 15-#m band. These methods can be divided into three classes. The first is composed of a series of narrow-band random models, including a general random model and models based on the Malkmus [1967] analytic linestrength distribution. These methods are versatile and much more efficient than the "exact" line-by-line model, but they still may be too expensive for use on some applications, since transmission must be evaluated in a large number of narrow spectral intervals if the total band-integrated transmittance is needed. The second class of models is represented by a new exponential wideband model. This model is neither a true "broadband" or "narrow-band" model, since it can be used to give the transmittance within a very broad section of the CO2 15-#m band (as described here) or any small fraction of it in a single step. The third class of models includes the empirical logarithmic broadband models. These models provide the most efficient methods for finding 15-#m band transmittances. Our tests show that all three classes of models can produce accurate results for a wide range of optical paths, with pressures, temperatures, and CO2 amounts like those encountered in the atmospheres of the terrestrial planets.
The physical band models, including the narrow-band random models and the exponential wideband model, are more reliable and versatile than the empirical broadband methods for the following reasons. First, these "band models" attempt to describe the structure and physical properties of the CO 2 15-#m band, instead of the shape of its "curve of growth." Hence if they accurately model the band's behavior for optical paths where measurements exist, they should provide a more reliable method for extrapolating beyond the range of existing absorption measurements. Second, these physical band models can be used to find the transmission within spectral intervals smaller than that occupied by the entire absorption band. This capability can be important in many atmospheric radiative transfer problems, including thermal flux and cooling rate calculations. In these problems the In spite of these shortcomings, efficient broadband models are often the most appropriate tool for finding the CO2 15-/•m band transmittance in atmospheric radiative transfer problems. In fact, the convolution problems described above will not be the most significant source of error if (1) the source function varies slowly throughout the band, (2) CO2 is the only important absorber in this spectral region, or (3) there are large uncertainties in the CO2 absorber amounts or other atmospheric optical properties. Also, in problems where the CO2 15-/•m band is not the most important source of thermal opacity (such as in the terrestrial troposphere where H•O absorption dominates), a somewhat less accurate treatment of CO2 transmission is justified. Finally, broadband models often provide the only practical method for solving radiative transfer problems that require the transmittance to be computed many times. This factor alone will guarantee their popularity until computers are significantly more powerful and available than they now are.
